The strut-tie model approaches of current design codes have proven to be effective in the ultimate strength analysis and design of disturbed regions in structural concrete. For the reliable analysis and safe design of disturbed regions using these approaches, the effective strength of concrete struts must be determined accurately. In this study, we proposed equations for the effective strengths of concrete struts that are useful for the three types of statically determinate and indeterminate strut-tie models of reinforced concrete deep beams with shear span-to-effective depth ratio of less than 3.0. The effects of the shear span-to-effective depth ratio, the compressive strength of concrete, and the flexural and shear reinforcement ratios were reflected in the proposed equations. To validate the proposed equations, the ultimate strengths of 395 reinforced concrete deep beams, tested to failure, were evaluated by using the three types of strut-tie models with existing and proposed equations.
Introduction
The strut-tie model approaches of current design codes have been proved effective for the strength design of entire ranges of structural concrete with complicated geometric and/or static discontinuities. However, to employ the approaches in practice, the effective strength of every concrete strut, which is necessary for verifying the failure strength of the concrete strut, the anchorage of reinforcing bars in nodal zones, and the geometric compatibility of a selected strut-tie model, must be determined precisely. Many experimental and analytical studies concerning the effective strength of concrete struts have been conducted, and various equations and values for the effective stress levels of concrete struts have been suggested (Thulimann 1976; Nielsen et al. 1978; Ramirez and Breen 1983; Marti 1985; Schlaich et al. 1987; Bergmeister et al. 1993; MacGregor 1997; CSA 2004; EC 2 2004; DIN 2008; FIB 2010; AASHTO 2010; ACI 318 2014) . However, as the suggested equations and values have been determined based on structural concrete with specific loading and geometrical conditions, it is not appropriate to use them in strut-tie models of reinforced concrete deep beams that exhibit very complicated failure behavior due to the correlations between the primary design variables including the shear span-to-effective depth ratio, the flexural and shear reinforcement ratios, and the compressive strength of concrete.
In this study, to evaluate the validity and applicability of the suggested effective strength of concrete struts in the reinforced concrete beams with shear span-toeffective depth ratio of less than 3.0, the ultimate strengths of 395 deep beams tested to failure were evaluated by associating the suggested effective strut strengths with the three types of strut-tie models recommended in previous studies and current design codes (Foster and Gilbert 1998; FIB 2010; AASHTO 2010; Kim and Yun 2011; Chae 2012; ACI 318 2014) . The three types of strut-tie models are 1) a statically determinate strut-tie model representing an arch load transfer mechanism in which an external concentrated load is directly transferred to the supports by an inclined strut; 2) a statically determinate strut-tie model representing a truss load transfer mechanism in which an external concentrated load is transferred to the supports by a combination of inclined struts and a vertical tie; and 3) a statically indeterminate strut-tie model representing a combination of arch and truss load transfer mechanisms.
In addition, equations for the effective strengths of all concrete struts for the recommended three types of struttie models were developed by refining Yun's numerical method (2005) . In the method, the factors affecting the effective strengths of concrete struts including the biaxial stress state at a strut's location, the tensile strain of reinforcing bars crossing a strut, the longitudinal length of a strut, the deviation angle between a strut and the compressive principal stress trajectory, and the degree of concrete confinement by reinforcing bars, are considered. In the development of the equations, the effects of the shear span-to-effective depth ratios, the compressive strength of the concrete, and the flexural and shear reinforcement ratios were considered. The validity of the developed equations was also examined by evaluating the ultimate strength of 395 deep beams tested to failure by associating the developed equations with the three types of strut-tie models. CSA (2004) and AASHTO (2010) have suggested the basic concepts of a strut-tie model approach requiring the satisfaction of the yield conditions of the strut-tie model's elements and equilibrium condition of strut-tie model, and have allowed the design of simply supported reinforced concrete deep beams using the statically determinate strut-tie model shown in Fig. 1(a) , which represents an arch load transfer mechanism. This influenced the ACI 318 (2014) to allow the same model for deep beams, with the requirement that the angle between a concrete strut and a tie be greater than 25 degrees. When the requirement on the angle is considered, the strut-tie model shown in Fig. 1(a) can be used for the deep beams with a shear span-to-effective depth ratio / a d of less than 1.80 ( / 2.0
, h = depth). In addition, according to ACI 445 (2002), reinforced concrete deep beams with / 1.80 a d ≥ can be designed by using the statically determinate strut-tie model shown in Fig. 1(b) , representing a vertical truss load transfer mechanism. In the CSA, AASHTO, and ACI 318 standards, additional provisions for the application of statically indeterminate strut-tie models to structural concrete, including reinforced concrete deep beams, are not provided. FIB (2010) suggests the statically determinate and indeterminate strut-tie models shown in Figs. 1(a) -(c) for simply supported reinforced and prestressed concrete deep beams. These models represent, respectively, an arch load transfer mechanism for / 0.5 a z ≤ , a truss load transfer mechanism for / 2.0 a z ≥ , and a combination of arch and truss load transfer mechanisms for 0.5 / 2.0 a z < < . As the strut-tie model shown in Fig. 1(c) is a firstorder indeterminate truss structure, Chae (2012) proposed a load distribution ratio, defined as the fraction of applied load transferred by a vertical tie of a truss load transfer mechanism, to calculate the cross-sectional forces of struts and ties by simply employing the force equilibrium equations at the nodes. The equations for the load distribution ratio α are as follows:
In Eq. (1), A and β are the parameters that characterize the variation of the load distribution ratio according to primary design variables. They are defined as follows:
where b ρ is the balanced flexural reinforcement ratio of beam. The suggested ranges of / a d that the three types of strut-tie models can employ effectively are summarized in Table 1 .
Effective strengths of concrete struts

Effective strengths of previous studies
The effective strength of a concrete strut, cs f , is chosen as some fraction of the uniaxial cylinder compressive strength of concrete, ' c f . Based on experiments and a plasticity-based analysis, Thulimann (1976) and Nielsen et al. (1978) proposed Eqs. (3) and (4) (c) Strut-tie model representing combined load transfer mechanism. 3.2 Effective strength of present study A consistent and general method for evaluating the effective strengths of 2-D concrete struts was proposed by the present corresponding author (2005) . In this study, this method was refined by including the effect of the compressive strength of concrete. In addition, equations for the effective strength of concrete struts in the struttie models of reinforced concrete deep beams were developed for practical use. The procedure of the method is described as follows.
Step 1: Construct a finite element model of a plain (unreinforced) 2-D concrete structure by considering all information about the geometrical shape, load and support conditions, material properties of concrete, etc. For each finite element, determine the 2-D stresses x σ , y σ , and xy τ in a rectangular global coordinate system with axes x and y , principal stresses 1 p σ and 2 p σ , and the principal angles by carrying out a finite element linear elastic (or inelastic) analysis of the structural concrete. Construct a statically determinate or indeterminate strut-tie model that describes the most appropriate load transfer mechanism of the structural concrete by taking account of the principal stress trajectories, magnitudes of the principal stresses, and reinforcement patterns. Select all the finite elements that are located closely along the centerline of each concrete strut, and save the finite element analysis results of those elements.
Step 2 Step 3: The concrete struts in a strut-tie model analysis or design must be placed parallel to the compressive principal stress trajectories. It is difficult to satisfy this requirement in highly disturbed stress regions and in regions with curved stress trajectories. Therefore, after determining the deviation angle between the longitudi- Fig. 1(a Fig. 1(c) 
Step 4: Determine the effective strength of a concrete strut by averaging the effective strength e cs f of each finite element (located closely along the centerline of the concrete strut) that is in the range of the standard deviation. The reason for taking the average in the range of the standard deviation is to minimize the effect of the variation of the effective strengths of the finite elements placed along the longitudinal length of the concrete strut.
Step 5: Conduct a structural analysis of the strut-tie model with the effective strengths of concrete struts determined in Step 4. Then, impose the cross-sectional forces of steel ties, along with the external forces, to the finite element model of a structural concrete in Step 1, and iterate the procedure from Step 1. This iterative procedure, with the inclusion of cross-sectional forces of steel ties, continues until the norm of the difference of the newly determined and previously determined cross-sectional forces of the steel ties reaches a tolerance limit. An iterative procedure for implementing the degree of confinement with respect to the reinforcement details is shown in Fig. 3 .
The aforementioned procedure requires iterative numerical analyses and considerable work. Thus, it is impractical to use if a special purpose program is not provided. In this study, for strut-tie model analysis and design of deep beams with / 3.0 a d ≤ , a flexural reinforcement ratio of ' ' 0.6 / 1.0
, and a shear reinforcement ratio of ' ' 0.6 / 1.0
, the effective strengths of concrete struts for the three types of strut-tie models shown in Fig. 1 were determined by using the present corresponding author's method. Here,
are the areas of flexural and shear reinforcing bars that will be (or were) placed be in a deep beam, respectively.
are the areas of flexural and shear reinforcing bars, respectively, that are required to resist applied load P in a deep beam strut-tie model. The effective strengths of concrete struts for the strut-tie model shown in Fig. 4 were determined by considering numerous combinations of the shear span-to-effective depth ratio of deep beam, flexural reinforcement ratio, and shear reinforcement ratio. As an example, the coefficients of effective strengths 1
f f , cs f = effective strength determined by the present corresponding author's method) for struts C, E, and F are shown in Fig.  5 for a flexural reinforcement ratio of 0.6. Based on curve fittings, the coefficients for horizontal strut A and the inclined struts C, E, and F were developed as prescribed by Eq. (9). The coefficient for horizontal strut B was determined to be 1.0. 
In this study, another coefficient, 2 ν , defined in Eq.
(11), is introduced to include the effect of the compressive strength of concrete. Thus, the effective strength of a concrete strut, cs f , is finally determined by multiplying 1 ν of Eq. (9) 
Strength analyses of reinforced concrete deep beams
To examine the appropriateness of the existing and proposed equations (and values) of the effective strengths of concrete struts, the ultimate strengths of 395 simply supported reinforced concrete deep beams, tested by Clark (1952) , Smith and Vantsiotis (1982) , Anderson and Ramirez (1989) , Roller and Russell (1990) , Tan et al. (1995 Tan et al. ( , 1997a Tan et al. ( , 1997b , Teng et al. (1996) , Shin et al. (1999) , Oh and Shin (2001) , Aguilar et al. (2002) , Yang et al. (2003) , Kim and Park (2005) , Quintero-Febres et al. (2006) , Brena and Roy (2009), Sumpter et al. (2009) , and Lee et al. (2011) were evaluated by using the three types of strut-tie models shown in Fig. 1 . The specification and ranges of the primary design variables are given in Table 2 . The test setups, rebar details, failure patterns, and additional details are given in the aforementioned references.
In the strut-tie model analyses of the deep beams, the strengths of nodal zones proposed by Bergmeister et al. (1993) , which are generally the largest in the unconfined nodes with bearing plates, were used to minimize the effect of nodal zone strength on the ultimate strength. Their effective strength for an unconfined node with bearing plate(s) is given as A and A are the areas of bearing plate and the confined concrete concentric with (and geometrically similar to) the bearing plate, respectively. The effective strength for a confined node without bearing plate(s) is the same as the first one of Eq. (5).
Strength analysis with statically determinate strut-tie models
The procedure for evaluating the ultimate strength of deep beams by using a statically determinate strut-tie The shear span-to-effective depth ratio of beam 1C1-14 is 1.50. Thus, the determinate strut-tie model of Fig.  7(a) , reflecting an arch load transfer mechanism, was selected following the ACI 318 recommendations on the construction of a strut-tie model. The steel tie T1 was placed at the centroid of the flexural reinforcing bars, and concrete strut S1 was placed at top region of the beam to fit the boundary line of its width to the upper boundary of the beam. The width of strut S1 was taken as the depth of an equivalent rectangular stress block (= /(0.85 )
. The ultimate strength of beam 1C1-14 was determined using the strut-tie model approaches of current design codes, requiring the verifications of the load carrying capacities of all the concrete struts, the steel ties, and the nodal zones of the statically determinate strut-tie model. The load carrying capacity of a strut-tie model's element was examined by comparing the element's maximum provided cross-sectional area with the element's required cross-sectional area. The maximum provided areas of concrete struts and nodal zone boundaries were determined by the ACI 445 (2002) approach, which considers the geometrical shape of the selected strut-tie model and the size of the loading and bearing plates. The cross-sectional areas of reinforcing bars placed within the effective width of steel tie T1 was taken as the maximum provided area of the steel tie. The effective width of steel tie T1 was taken as twice of the distance from the centerline of steel tie to the bottom surface of beam. The maximum provided areas are shown in Figs. 7(b) and (c). As the thickness of the beam is constant, the cross-sectional areas of the concrete struts and nodal zone boundaries were obtained by multiplying the cross-sectional widths and the thickness.
The required cross-sectional areas of struts and ties under the experimental failure load of 119.0 kN were determined by dividing the cross-sectional forces by their effective strengths. The required cross-sectional areas at the boundaries of a nodal zone were determined by dividing the cross-sectional forces of the struts and ties framing the nodal zone by the effective strength of the nodal zone. The effective strengths of the concrete struts, shown in Table 3 , were determined from the existing and proposed equations described in Chapter 3.
The effective strengths of the nodal zones were determined from Eq. (12). The yield strengths of shear and flexural reinforcing bars were taken as the effective strength of the steel ties. The coefficient of the effective strength of concrete strut S2, s ν , using the proposed Nielsen et al. (1978) ; (3): Ramirez and Breen (1983) ; (4) Marti (1985) ; (5): Schlaich et al. (1987) ; (6) Bergmeister et al. (1993) ; (7): MacGregor (1997) (11)) together. To determine the values of β and γ , 0.0 was taken as the value of v κ since the arch-type strut-tie model, which does not reflect the effect of confinement by shear reinforcing bars, was used. Explanations for determining the effective strengths of concrete struts using the existing equations are omitted for brevity.
The detailed procedure for evaluating the ultimate strength of beam 1C1-14 is given in Table 4 by using the struts' effective strengths from the present study. Concrete strut S2 failed at a load of 96.3 kN (80.9% of the experimental failure load), and the nodal zones did not fail at the load. Thus, 80.9% of the experimental failure load was evaluated as its ultimate strength. In the same way, the ultimate strengths of the other beams, based on different effective strengths of concrete struts, were evaluated. The strength analysis results are listed in Table 5 . The ultimate strengths with the statically determinate strut-tie models were evaluated fairly conservatively, on average, by using the effective strengths of Ramirez and Breen (1983) , Bergmeister et al. (1993 ), EC 2 (2004 , FIB (2010) , and AASHTO (2010). Particularly, the greatest standard deviation was obtained by using the effective strengths of AASHTO (2010) . On the other hand, the result with the experimental-to-predicted failure load ratio of 1.16 was improved by using the effective strengths of the present study.
Strength analysis with Indeterminate struttie model
To examine the appropriateness of the proposed equations of the effective strengths of concrete struts, the ultimate strengths of 395 beams were also evaluated by using the statically indeterminate strut-tie model shown in Fig. 1(c) . The same beam, 1C1-14, was used to illustrate the strength evaluation procedure. The selected indeterminate strut-tie model for the beam is shown in Fig. 8(a) . In the model, steel ties T3 and T4 were placed at the centroid of the flexural reinforcing bars. Concrete strut S2, with its width equal to the depth of the equivalent rectangular stress block, was placed at the top region of the beam to fit the boundary of its width to the upper boundary of the beam. Concrete strut S1 was placed at the same horizontal level as strut S2.
The cross-sectional forces of concrete struts and steel ties were obtained by conducting a structural analysis of a statically determinate strut-tie model with applications of equilibrium equations at the nodes. The selected strut-tie model is a statically indeterminate truss structure. Thus, a load distribution ratio α (%), defined in Eq. (1) as a fraction of the load transferred by the truss mechanism, was determined in advance to transform the indeterminate truss structure into a determinate structure. Thus, The effective strengths of the concrete struts, shown in Table 6 , were determined from the existing and proposed equations described in Chapter 3, and the effective strengths of nodal zones were determined from Eq. (12). The yield strengths of the shear and flexural reinforcing bars were taken as the effective strengths of the steel ties. The coefficient of the effective strength of concrete strut S5, s ν , using the proposed equation, was determined by multiplying 1 ν (=0.84, from Eqs. (9) and (10) with β =0.085 and γ =0.88) and 2 ν (=1.0, from Eq. (11)) together. Here, to determine the values of β and γ , 0.302 was obtained as the value of v κ . The effective strengths of the other struts were obtained in the same way. Explanations for determining the struts' effective strengths using the existing equations are omitted for brevity. The ultimate strength of beam 1C1-14 was determined by verifying the load carrying capacities of all the concrete struts, steel ties, and nodal zones of the statically indeterminate strut-tie model. The load carrying capacity of a strut-tie model's element was examined by comparing the element's maximum provided cross-sectional area with its required cross-sectional area. The maximum provided areas of concrete struts and nodal zone boundaries were determined using ACI 445 (2002) approach. The total cross-sectional area of reinforcing bars placed within the effective width of a steel tie was taken as the maximum provided area of the steel tie. The maximum provided areas are shown in Figs. 8(b), 8(c) , and 9(e). As the thickness of the beam is constant, the cross-sectional areas of the concrete struts and nodal zone boundaries were obtained by multiplying the cross-sectional widths and the thickness together. The required cross-sectional areas of struts and ties under the experimental failure load of 119.0 kN were determined by dividing the cross-sectional forces by their effective strengths, respectively. The required cross-sectional areas at the boundaries of a nodal zone were determined by dividing the cross-sectional forces of the struts and ties framing the nodal zone by the effective strength of the nodal zone. Table 6 Coefficients of effective strengths of concrete struts in statically indeterminate strut-tie model of beam 1C1-14.
(1) (2) (3) (4) (5) (6) Nielsen et al. (1978) ; (3): Ramirez & Breen (1983) ; (4) Marti (1985) ; (5): Schlaich et al. (1987) ; (6) Bergmeister et al. (1993) ; (7): MacGregor (1997) A detailed procedure for evaluating the ultimate strength of beam 1C1-14 is illustrated in Table 7 and Fig. 9 by using the struts' effective strengths from the present study. Since the indeterminate strut-tie model of beam 1C1-14 reflects both the arch and truss load transfer mechanisms at the same time, the ultimate strength of the beam failing in shear was decided according to the sequential failure of both the load transfer mechanisms. As illustrated in Fig. 9(a) and Table 7 (a), the first failure of the indeterminate strut-tie model occurred due to the yielding of vertical tie T1 forming the truss load transfer mechanism at a load of 51.1 kN (42.9% of the experimental failure load). After the first failure, the indeterminate strut-tie model became the determinate model that was still able to transfer a fraction of the applied load to the supports by the horizontal steel tie and inclined strut S5 forming the arch load transfer mechanism, as shown in Fig. 9(b) . The remaining crosssectional areas of struts S1 and S6 at the boundary of nodal zone 4 were transformed to the direction of strut S5. The transformed areas were added to the remaining cross-sectional area of strut S5 after the first failure. When an additional load of 59.1 kN (49.7% of the experimental failure load) was applied, the second failure of the strut-tie model occurred due to the failure of strut S5, as shown in Table 7 (b) and Fig. 9(c) . After the second failure, the strut-tie model became an unstable truss structure that could not carry any additional load, as shown in Fig. 9(d) . At a load of 110.2 kN (51.1+59.1 kN, which is 92.6% of the experimental failure load), which the indeterminate strut-tie model could carry to the utmost limit, the strengths of the nodal zones were examined, as shown in Table 7 (c) and Fig. 9(e) . Since none of the nodal zones failed, 92.6% of the experimen- In the same way, the ultimate strengths of the other beams by using the struts' effective strength of the existing and proposed equations were evaluated. The strength analysis results are shown in Table 8 and Fig. 10 .
The ultimate strengths of the deep beams evaluated by using different effective strengths of concrete struts are summarized in Table 8 . The ultimate strengths were evaluated most approximately, on average, by using the effective strengths from the present study with an experimental-to-predicted failure load ratio of 1.05. When comparing the ultimate strengths of Tables 5 and 8 , the statically indeterminate strut-tie model yields better results than the statically determinate strut-tie model, implying that the ultimate strengths of deep beams are affected by the effective strengths of concrete struts, and by the type of strut-tie model. In Tables 8(b)-(d) , the ultimate strengths were classified according to the primary design variables of deep beams, including the shear span-to-effective depth ratio, the compressive strength of the concrete, and the flexural reinforcement ratio. These results indicate that the equations of the effective strengths of the concrete struts proposed in this study reflect the effects of the primary design variables relatively well, with consistency and accuracy.
Summary and conclusion
For the reliable analysis and safe design of disturbed regions of structural concrete based on the strut-tie model approaches of current design codes, the effective strengths of concrete struts must be determined precisely. In this study, we proposed equations for the effective strengths of concrete struts that were useful for the statically determinate and indeterminate strut-tie models of arch, truss, and combined load transfer mechanisms for the reinforced concrete deep beams with shear span-toeffective depth ratio of less than 3.0. The effects of the shear span-to-effective depth ratio, the compressive strength of concrete, and the flexural and shear reinforcement ratios were reflected in the proposed equations. To validate the proposed equations, the ultimate strengths of 395 reinforced concrete deep beams were evaluated by using three types of deep beam strut-tie models associated with the proposed equations. The ultimate strengths of the deep beams were also estimated based on the strut-tie models by using existing equations and values of effective strengths of concrete struts. Based on the effective strengths of the present study, the ultimate strengths were evaluated most approximately on average, and the effects of the primary design variables were reflected well with consistency. 
